Abstract A point q in a contact manifold (M, ξ) is called a translated point for a contactomorphism φ with respect to some fixed contact form if φ(q) and q belong to the same Reeb orbit and the contact form is preserved at q. In this article we discuss a version of the Arnold conjecture for translated points of contactomorphisms and, using generating functions techniques, we prove it in the case of spheres (under a genericity assumption) and projective spaces.
Introduction
Let (M, ξ) be a cooriented contact manifold, with a fixed contact form α. Given a contactomorphism φ of M we denote by g : M → R the function satisfying φ * α = e g α. A point q of M is called a translated point of φ (with respect to the contact form α) if q and φ(q) belong to the same Reeb orbit and if moreover the contact form α is preserved at q, i.e. g(q) = 0. The following theorem is the main result of this article. Note that 2 and 2n are the minimal number of critical points of a function defined respectively on S 2n−1 and RP 2n−1 . More generally we can thus wonder whether the following is true.
Conjecture 1.2 Let φ be a contactomorphism of a contact manifold M, ξ = ker(α) . Assume that M is compact and that φ is contact isotopic to the identity. Then the number of translated points of φ is at least equal to the minimal number of critical points of a function on M.
This problem, that was already introduced in [15] , can be considered as a contact version of the Arnold conjecture for fixed points of Hamiltonian symplectomorphisms. Recall that the Arnold conjecture says that the number of fixed points of a Hamiltonian symplectomorphisms ϕ of a compact symplectic manifold (W, ω) is at least equal to the minimal number of critical points of a function on W . This conjecture was posed in the 60's and since then has played a fundamental role in the development of symplectic topology. Although the generic version has been proved for all symplectic manifolds, the general conjecture still remains open.
Note that contactomorphisms do not necessarily have fixed points: for example, since the Reeb vector field never vanishes, the Reeb flow for small times does not have any fixed point. On the other hand, at least for C 1 -small (and even C 0 -small) contactomorphisms translated points always exist. In fact, as we will now discuss, Conjecture 1.2 is true in this case. The proof is completely analogous to the proof of the Arnold conjecture in the C 1 -small and C 0 -small cases (for which we refer for example to [14] ): the C 1 -small case only relies on Weinstein's neighborhood theorem for Legendrian submanifolds, while the C 0 -small case is deeper and relies on the existence of generating functions quadratic at infinity for contact deformations of the 0-section in the 1-jet bundle.
We consider the contact product of M with itself, i.e. the manifold M × M × R endowed with the contact structure given by the kernel of the 1-form A = e θ α 1 − α 2 where θ is the coordinate on R and α 1 and α 2 are the pullback of α by the projections on the first and second factors respectively. Note that the Reeb vector field of A is R A = (0, −R α , 0) where R α is the Reeb vector field of α on M. We define the diagonal and the graph of φ in M × M ×R to be the Legendrian submanifolds = {(q, q, 0) | q ∈ M} and gr φ = { q, φ(q), g(q) | q ∈ M} where g is the function defined by φ * α = e g α. Then translated points of φ correspond to Reeb chords between and gr φ . Indeed, a point q of M is a translated point for φ if and only if the corresponding point of the graph is of the form q, φ(q), g(q) = q, (ϕ R α ) t 0 (q), 0 for some t 0 , where (ϕ R α ) t is the Reeb flow of α. Note that this point is in the same Reeb orbit as the point (q, q, 0) of the diagonal. The problem of counting translated points of φ is thus reduced to the problem of counting Reeb chords between its graph and the diagonal. By Weinstein's neighborhood theorem for Legendrian submanifolds we know that a neighborhood of in M × M × R is contactomorphic, by a contactomorphism that also preserves the contact form, to a neighborhood of the 0-section in the 1-jet bundle J 1 (see [1, Theorem 2.2.4]). If we assume that φ is C 1 -small then its graph is contained in this neighborhood of , and so it corresponds to a Legendrian submanifold φ of J 1 , which is moreover a section. Recall that all Legendrian sections of a 1-jet bundle are the 1-jet of a function on the base. We have thus that φ = j 1 f = {(q, d f (q), f (q)) | q ∈ } for some function f on . Translated points of φ correspond to Reeb chords between φ and the 0-section and hence to critical points of f . Since is diffeomorphic to M, Conjecture 1.2 follows under our C 1 -smallness assumption. The same conclusion can also be obtained if we assume that φ is the time-1 map of a C 0 -small contact isotopy. In this case the graph of φ corresponds to
